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Abstract
Let G be a 2-step nilpotent Lie group with a 1-dimensional commutator subgroup. We
prove that for any simply transitive and affine action of G, there exists a non-trivial subgroup
of G acting as pure translations. This result no longer holds in case the commutator subgroup
is higher dimensional.
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1. Translations in simply transitive affine actions
We study simply transitive affine actions of Lie groups on some space Rn. It is
well known that any Lie group admitting such a simply transitive affine action must
be solvable [1]. The converse question whether any connected and simply connected
solvable Lie group admits a simply transitive action [10] has been answered nega-
tively by Benoist [2]. In fact the counterexample given by Y. Benoist is even nilpotent
(class 10 and dimension 11). Knowing that not all connected and simply connected
nilpotent (or more generally solvable) Lie groups admit a simply transitive affine
action, one raises the question of which (nilpotent) Lie groups do admit such an
action. Moreover, if a Lie group admits a simply transitive action, then one is also
interested in the classification of all such actions.
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With respect to this, Auslander [1] formulated a conjecture, whose truth implies
the possibility of classifying all simply transitive actions of a given nilpotent Lie
group in an iterative way. (For examples of such classifications we refer to [3,4,8].)
His conjecture stated that any nilpotent simply transitive group of affine motions
must contain a one-parameter group of pure translations in its centre. Although it
is claimed in [11] that this conjecture always holds, Fried [5] was able to show by
means of an example that there exists a 4-dimensional nilpotent Lie group N acting
simply transitively by affine motions on R4 and where, besides the identity of course,
no element of N acts as a pure translation.
On the other hand, in the same paper D. Fried also showed that for abelian Lie
groups the Auslander conjecture does hold (and therefore an iterative procedure in
the classification of simply transitive affine actions of abelian Lie groups is possible
(for more details, see [3])).
Although the above arguments show the importance of the knowledge of those nil-
potent Lie groups acting simply transitive and affinely in such a way that no element
besides the identity acts as a pure translation, very little is known. Until recently,
the only example of such a Lie group was the one produced by Fried. (In [8], Kim
showed that, up to affine equivalence, there are exactly two simply transitive affine
actions without translations of this Lie group.) The example of Fried is a (the unique)
3-step nilpotent 4-dimensional connected and simply connected Lie group.
Very recently Medina and Khakimdjanov [9] were able to extend the example
of Fried to filiform Lie groups in all even dimensions  4. An n-dimensional Lie
group is said to be filiform if it is (n− 1)-step nilpotent. To be precise, Medina and
Khakimdjanov showed that for any simply transitive affine action of an odd dimen-
sional filiform Lie group G, its one-dimensional centre acts as a group of pure trans-
lations, while for all even n  4, they constructed a simply transitive affine action
without translations on “the standard” filiform Lie group of dim n.
This means that for all odd nilpotency classes3 simply transitive actions without
translations occur. As the abelian case was solved by Fried, the first open question is
nilpotency class 2. In this paper we give an example of a 2-step nilpotent Lie group act-
ing simply transitive and affinely, without translations. This example is of dimension 5
and this is the minimal dimension where this happens for a 2-step nilpotent Lie group.
On the other hand we also show that if G is a 2-step nilpotent Lie group with
a 1-dimensional commutator subgroup [G,G], then for all simply transitive affine
actions, there does exist a nontrivial (central) 1-dimensional subgroup of G acting as
pure translations.
2. Simply transitive affine actions and complete left symmetric structures
In the previous section, we mentioned several results concerning simply transitive
affine actions. The reader may have noticed however, that in most of the papers we
have referred to, the results are proven on the Lie algebra level (and this paper will be
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no different!). There is indeed a very nice correspondence between simply transitive
affine actions of a nilpotent Lie group G and certain affine representations of its Lie
algebra g. Let us explain this in detail.
Let Aff(Rn) denote the group of invertible affine mappings of the n-dimensional
space. So each element α ∈ Aff(Rn) consists of a linear part A ∈ GL(Rn) and a
translational part a ∈ Rn. The group Aff(Rn) is embedded as a subgroup of
GL(Rn+1) by mapping the element α to the matrix(
A a
0 1
)
.
Now, we assume that
ρ : G→ Aff(Rn) : g 	→
(
ρL(g) ρT (g)
0 1
)
determines a simply transitive action of a nilpotent Lie group on Rn. The map ρL :
G→ GL(Rn) : g 	→ ρL(g) (resp. ρT : G→ Rn : g 	→ ρT (g)) will be called the
linear (resp. translational) part of ρ. As ρ is a continuous representation of the Lie
group G into the Lie group Aff(Rn), its differential dρ induces a morphism between
the Lie algebra g of G and the Lie algebra aff(Rn) such that the following diagram
commutes:
G
ρ−−−−−−→Aff(Rn)
exp

 exp
g −−−−−−→
dρ
aff (Rn)
Here, aff(Rn) can be seen as the Lie subalgebra of gl(Rn+1), consisting of all matri-
ces of the form(
A a
0 0
)
,
with A ∈ gl(Rn) and a ∈ Rn. Again A will be referred to as the linear part and a
as the translational part of such an element and analogously for representations ϕ :
g → aff(Rn), we will speak of the translational part ϕT and the linear part ϕL.
For nilpotent Lie groups, it is known that for any simply transitive affine action
ρ : G→ Aff(Rn), ρL(G) consists of unipotent matrices (see [6] and of course ρT :
G→ Rn is a diffeomorphism).
It follows that for the differential dρ : g → aff(Rn), we have that dρL(g) consists
of nilpotent matrices and dρT : g → Rn is a linear isomorphism.
Conversely, any representation ϕ : g → aff(Rn), for which the linear part ϕL(g)
consists of nilpotent matrices and the translational part ϕT : g → Rn is bijective, is
in fact the differential dρ of a simply transitive affine action ρ : G→ Aff(Rn). Such
a ϕ is called a complete affine structure on g.
We can conclude that there is a one-to-one correspondence between simply tran-
sitive actions ρ of a given nilpotent Lie group G and complete affine structures dρ
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on its Lie algebra g. Note that the set of elements g ∈ G acting as pure translations
is exactly the set of elements g ∈ G for which the linear part ρL(g) = In, the n× n
identity matrix. Moreover, we have that
{g ∈ G ‖ ρL(g) = In} = exp{X ∈ g ‖ dρL(X) = On}
(where On is the n× n zero matrix). Therefore G admits a simply transitive affine
action without translations if and only if g admits a complete affine structure ϕ,
satisfying ∀X ∈ g : ϕL(X) = On ⇔ X = 0.
Although the above discussion already provides a complete translation of our
setting “simply transitive affine actions without translations” to the Lie algebra level,
we go one step further and show how complete affine structures are related to left
symmetric structures.
Definition 2.1. Let g be a Lie algebra. A left symmetric structure on g consists of a
bilinear product • : g× g → g, satisfying
1. ∀X, Y ∈ g : [X, Y ] = X • Y − Y •X and
2. ∀X, Y,Z ∈ g : [X, Y ] • Z = X • (Y • Z)− Y • (X • Z).
Moreover, a left symmetric structure is said to be complete if and only if ∀Y ∈ g,
the map tY : g → g : X 	→ X +X • Y is bijective.
The vector space g equipped with the bilinear product • is a left symmetric alge-
bra, this is an algebra satisfying
∀X, Y,Z ∈ g : (X • Y ) • Z − (Y •X) • Z = X • (Y • Z)− Y • (X • Z).
If g is a nilpotent Lie algebra and ϕ : g → aff(Rn) is a complete affine structure,
then we can define a left symmetric structure on g by
∀X, Y ∈ g : X • Y = ϕ−1T (ϕL(X)ϕT (Y )).
In fact this will be a complete left symmetric structure.
Conversely, given a left symmetric structure on g, we can define an affine repre-
sentation on g as follows. Fix a basis of g and identify g with Rn via its coordinate
map co : g → Rn : X 	→ co(X), the coordinate of X with respect to the chosen
basis. Now, an affine representation ϕ : g → aff(Rn) can be defined by taking
ϕT = co and ∀X ∈ g, ∀a ∈ Rn : ϕL(X)a = co(X • co−1(a)).
Moreover, if • is a complete left symmetric structure, then the corresponding ϕ will
be a complete affine structure.
It is obvious that for • and ϕ which are related in this way, we have that
{X ∈ g ‖ dρL(X) = On} = {X ∈ g ‖ X • Y = 0 ∀Y ∈ g}.
Definition 2.2. Let • be a left symmetric structure on a Lie algebra g, then let
T (g) = {X ∈ g ‖ X • Y = 0 ∀Y ∈ g}.
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Note that if • is connected to a complete affine structure ϕ as above, and ϕ = dρ,
where ρ defines a simply transitive action of a nilpotent Lie group G, we have that
exp(T (g)) is precisely the subset of G consisting of those elements acting as pure
translations. As a conclusion of this section we find
Conclusion. Let G be a connected and simply connected nilpotent Lie group with
Lie algebra g. Then G admits a simply transitive affine action for which the identity
element is the only element acting as a pure translation if and only if g admits a
complete left symmetric structure with T (g) = 0.
3. Complete left symmetric structures on nilpotent Lie algebras
Throughout this section we assume that • is a complete left symmetric structure
on a nilpotent Lie algebra g.
We will often use the associated left multiplication map
λ : g → gl(g) : X 	→ λX, with λX : g → g : Y 	→ λX(Y ) = X • Y
and right multiplication map
ρ : g → gl(g) : X 	→ ρX, with ρX : g → g : Y 	→ ρX(Y ) = Y •X.
It follows from Definition 2.1 that λ is a Lie algebra homomorphism, while ρ need
not be. It was shown by Kim [8, Theorem 2.1 and 2.2] that both λX and ρX are nilpo-
tent for any X ∈ g. It is natural to consider the following two decreasing sequences
of Lie subalgebras of g:
g = g1 ⊇ g2 = g · g ⊇ g3 = g · g2 ⊇ · · · ⊇ gi+1 = g · gi ⊇ · · ·
and
g = g1 ⊇ g2 = g · g ⊇ g3 = g2 · g ⊇ · · · ⊇ gi+1 = gi · g ⊇ · · · .
For the first of these sequences, we have that for sufficiently large n gn = 0. This
follows from the fact that λ : g → gl(g) is a Lie algebra homomorphism whose im-
age consists of nilpotent endomorphisms. The second sequence also stabilizes after
a finite number of steps, but this needn’t be at zero. Therefore, we define
g∞ =
∞⋂
n=1
gn.
Finally, we introduce two more notations. Firstly, the centre of g, considered as a Lie
algebra, is denoted by
Z(g) = {X ∈ g ‖ [X, Y ] = 0 ∀Y ∈ g} = {X ∈ g ‖ X • Y = Y •X ∀Y ∈ g}
and the centre of g as a left symmetric algebra is given by
C(g) = {X ∈ g ‖ X • Y = 0 = Y •X ∀Y ∈ g}.
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In the following proposition, we summarize some of the results obtained in [8]:
Proposition 3.1. Let • be a complete left symmetric structure on a nilpotent Lie
algebra g. Then
1. C(g) = T (g) ∩ Z(g).
2. T (g) = Ker(λ).
3. If T (g) /= 0, then T (g) ∩ Z(g) /= 0.
4. Each gi is a two-sided ideal of g (thus g • gi ⊆ gi and gi • g ⊆ gi ).
5. g∞ • g = g∞
6. g∞ is a proper ideal of g.
7. If g∞ /= 0, then dim(g∞)  3.
8. If T (g) = 0, then g∞ /= 0.
We also recall the following result [8, Proposition 2.3]:
Lemma 3.2. Let • be a complete left symmetric structure on a nilpotent Lie algebra
g, then there exists a basis e1, . . . , er , er+1, . . . , en of g such that g∞ = span〈e1, e2,
. . . , er 〉, and with respect to this basis, the matrices of λ(g) are of the form
(
Ar ∗
0 Bn−r
)
and those of ρ(g) are of the form
(
Cr ∗
0 Dn−r
)
,
where Ar(r × r matrix), Bn−r and Dn−r ((n− r)× (n− r) matrices) are simulta-
neously strict upper triangular.
Definition 3.3. We will refer to a basis satisfying the conditions mentioned in Lemma
3.2 as an adapted basis.
Remark 3.4. Note that for an adapted basis e1, . . . , en, X • e1 = 0, for all X ∈ g.
From now onwards, we concentrate on nilpotent Lie algebras g, with dim([g, g])=
1. The standard example of such a Lie algebra is the (2m+ 1)-dimensional Hei-
senberg Lie algebra hm, which has a basis X1, X2, . . . , Xm, Y1, Y2, . . . , Ym,Z and
where the Lie brackets are given by:
∀i: [Xi, Yi] = Z, ∀i,j: [Xi,Xj ] = [Yi, Yj ] = 0,
∀i: [Xi, Z] = [Yi, Z] = 0, ∀i,j with i /= j: [Xi, Yj ] = 0.
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The following result is well known, but for the readers convenience, we present it
with proof.
Lemma 3.5. Let g be a nilpotent Lie algebra with dim([g, g]) = 1, then g is iso-
morphic to the direct sum Rs ⊕ hm of Lie algebras, for some s and m.
Note that Rs denotes the s-dimensional abelian Lie algebra.
Proof. As g is nilpotent and dim([g, g]) = 1, it follows that g is 2-step nilpotent.
Therefore [g, g] ⊆ Z(g). Let V be a vector space complement to [g, g] in Z(g), then
Z(g) = [g, g] ⊕ V . Now, let W be a vector space complement in g of V , containing
[g, g]. Then g = W ⊕ V , where both W and V are ideals of g. Therefore, the direct
sum decomposition is a decomposition as a direct sum of Lie algebras. Moreover
V ⊆ Z(g) is abelian and thus V ∼=Rs for some s. On the other hand, W is 2-step
nilpotent and Z(W) = [g, g] = [W,W ] is 1-dimensional. This allows us to conclude
that W ∼= hm for some m [7, Proposition 2, p. 44]. 
We are now ready to start our investigation of complete left symmetric structures
on a Lie algebra hm ⊕ Rs .
Lemma 3.6. Let • be a complete left symmetric structure on a nilpotent Lie algebra
g, with T (g) = 0. Then g∞ ⊆ Z(g). In fact, if e1, . . . , en is an adapted basis, then
e1 ∈ Z(g).
Proof. As T (g) = 0, we know that g∞ /= 0 (Proposition 3.1). Assume that e1, e2,
. . . , en is an adapted basis, and assume that e1 ∈ Z(g). (Note that e1 ∈ g∞.) It fol-
lows that
∀X ∈ g : 0= [e1, X]
= e1 •X −X • e1
= e1 •X
showing that e1 ∈ T (g), which contradicts the fact that T (g) = 0. 
Lemma 3.7. Let • be a complete left symmetric structure on a 2-step nilpotent Lie
algebra with dim([g, g]) = 1. Then [g, g] ⊆ g • g∞.
Proof. Assume that [g, g] ⊆ g • g∞. For any X ∈ g∞ and any Y ∈ g, we have that
X • Y = Y •X + [X, Y ] ⇒ X • Y ∈ g • g∞.
It follows that g∞ • g ⊆ g • g∞. By Lemma 3.2, we know that g • g∞ is a proper
subspace of g∞, and therefore also g∞ • g /= g∞, which contradicts Proposition
3.1. 
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Lemma 3.8. Let • be a complete left symmetric structure on a 2-step nilpotent Lie
algebra with dim([g, g]) = 1. Then
1. g∞ is an abelian Lie algebra.
2. if g∞ /= 0, then [g, g] ⊆ g∞.
3. [g, g] • g∞ = 0.
Proof. Suppose that g∞ is not abelian, then there existX, Y ∈ g∞ such that [X, Y ] /=
0. On the other hand, [X, Y ] = X • Y − Y •X ∈ g • g∞. This shows that g • g∞ ∩
[g, g] /= 0, and as dim([g, g]) = 1, we get that [g, g] ⊆ g • g∞, which contradicts
the previous lemma. This proves 1.
Now, assume that g∞ /= 0. Let e1, e2, . . . , en be an adapted basis. Then e1 ∈ g∞,
but by Lemma 3.6 e1 ∈ Z(g). Therefore, there exists X ∈ g with
0 /= [e1, X] = e1 •X −X • e1 = e1 •X ∈ g∞ • g = g∞.
Hence g∞ ∩ [g, g] /= 0, and so [g, g] ⊆ g∞, proving 2.
Let us now prove statement 3. If g∞ = 0, there is nothing to show, thus we assume
that g∞ /= 0 and that e1 is the first vector of an adapted basis. For any Z ∈ [g, g], we
can find a X ∈ g such that Z = [X, e1] (use the fact that [g, g] is one dimensional
and e1 ∈ Z(g) by Lemma 3.6). For any Y ∈ g∞, we now compute that
Z • Y = [X, e1] • Y
= X • (e1 • Y )− e1 • (X • Y ) (Definition 2.1)
= X • (Y • e1)− (X • Y ) • e1 (g∞ is abelian)
= 0
showing that [g, g] • g∞ = 0. 
We are now ready to prove the main result of the paper:
Theorem 3.9. Let g be a 2-step nilpotent Lie algebra with dim([g, g]) = 1. Then
for any complete left symmetric structure on g, we have that T (g) /= 0.
Proof. Assume that • is a complete left symmetric structure, for which T (g) = 0.
In this case g∞ /= 0 and [g, g] ⊆ g∞ (Lemma 3.8). Also the vector e1 of a chosen
adapted basis belongs to g∞\Z(g) (Lemma 3.6).
Let Z ∈ [g, g]. We will prove that Z •X = 0, for all X ∈ g. Note that we already
know thatZ • g∞ = 0 (Lemma 3.8). Choose anyX ∈ g. Then we distinguish two cases:
Case 1. [X, e1] /= 0.
In this case [X, e1] = αZ, for some non-zero real number α. We compute
(αZ) •X= [X, e1] •X
= X • (e1 •X)− e1 • (X •X)
= −(αZ) •X + [X •X, e1],
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where we used that
αZ = [X, e1] = X • e1 − e1 •X = −e1 •X
and
[X •X, e1] = (X •X) • e1 − e1 • (X •X) = −e1 • (X •X).
Hence 2αZ •X = [X •X, e1] ∈ [g, g] ∩ g • g∞ = 0 (Lemma 3.7). As α /= 0, this
implies that Z •X = 0.
Case 2. [X, e1] = 0.
As e1 ∈ Z(g), we can find an element Y ∈ g, with [Y, e1] = Z. Note that in this case
0 = [X, e1] = X • e1 − e1 •X = −e1 •X.
We use this in the following computation:
Z •X= [Y, e1] •X
= Y • (e1 •X)− e1 • (Y •X)
= 0 − e1 • (Y •X)
= [Y •X, e1]
(As [Y •X, e1] = (Y •X) • e1 − e1 • (Y •X) = −e1 • (Y •X))
Therefore, Z •X ∈ [g, g], but also Z •X = X • Z ∈ g • g∞. Thus
Z •X ∈ g • g∞ ∩ [g, g] = 0.
This shows that Z •X = 0 ∀X ∈ g, contradicting the fact that T (g) = 0. 
Corollary 3.10. Let G be a 2-step nilpotent Lie group with a 1-dimensional com-
mutator subgroup. Then, for any simply transitive and affine action of G, there exists
a (central) one-parameter subgroup acting as pure translations.
4. Simply transitive actions without translations
The result of the previous section cannot be generalized to 2-step nilpotent Lie
algebras g where dim([g, g]) > 1. In fact, even for the smallest such Lie algebra, the
result is not valid anymore.
This Lie algebra, which we denote by n has a vector space basis consisting of five
vectors, say X, Y1, Y2, Z1 and Z2, and the non-zero brackets are given by
[X, Y1] = Z1, [X, Y2] = Z2 (other brackets between basis vectors are 0).
Example 4.1. Let • be the bilinear product on n, which is given by
X •X = 0 Y1 •X = 0 Y2 •X = 0 Z1 •X = 0 Z2 •X = 0
X • Y1 = Z1 Y1 • Y1 = 0 Y2 • Y1 = 0 Z1 • Y1 = 0 Z2 • Y1 = −X
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X • Y2 = Z2 Y1 • Y2 = 0 Y2 • Y2 = 0 Z1 • Y2 = X Z2 • Y2 = 0
X • Z1 = 0 Y1 • Z1 = 0 Y2 • Z1 = X Z1 • Z1 = 0 Z2 • Z1 = 0
X • Z2 = 0 Y1 • Z2 = −X Y2 • Z2 = 0 Z1 • Z2 = 0 Z2 • Z2 = 0
defines a complete left symmetric structure on n with T (n) = 0.
We leave it to the reader to complete the details of this example.
We can now also give the associated affine structure on n which is given by ϕ :
n → aff(R5):
xX + y1Y1 + y2Y2 + z1Z1 + z2Z2 	→


0 y2 −y1 −z2 z1 x
0 0 0 x 0 z1
0 0 0 0 x z2
0 0 0 0 0 y1
0 0 0 0 0 y2
0 0 0 0 0 0


.
Finally, by exponentiating this last matrix, we find that the set consisting of all ma-
trices

1 y2 −y1 x y22 − z2 −x y12 + z1 x + y2 z1 − y1 z2
0 1 0 x 0 x y12 + z1
0 0 1 0 x x y22 + z2
0 0 0 1 0 y1
0 0 0 0 1 y2
0 0 0 0 0 1


with x, y1, y2, z1, z2 ∈ R, forms a simply transitive group of affine motions, which is
2-step nilpotent, has a 2-dimensional commutator subgroup, and there is no element
besides the identity which acts as a pure translation.
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